ABSTRACT. In this paper, we shall consider the problem: let X be a (reduced) analytic space and A a nowhere dense analytic set in X. And let R be a proper equivalence relation on A such that the quotient space A/R is an analytic space, and R the trivial extension of R to X. Then, is X/R an analytic space? To this, we have three sufficient conditions. Moreover, using this result we shall extend Satz 1 of H. Kerner [8] .
1. Introduction. Let (X, x0) be an analytic space and R an equivalence relation on X. Then the local ringed quotient space (X/R, X0/R) is defined and the problem, whether (X/R, X0/R) is an analytic space, is studied by H. Cartan, H. Holmann, B. Kaup and others.
In this paper, we shall consider the problem: let X be a (reduced) analytic space and A a nowhere dense analytic set in X. And let R be a proper equivalence relation on A such that the quotient space A/R is an analytic space, and R the trivial extension of R to X. Then, is X/R an analytic space? To this, we have Theorem. X/R is an analytic space, if one of the following three statements is satisfied:
(1) R is finite. (2) A is contractible in X and the canonical mapping j: A/R -* X/R is quasi-finite. (3) A is contractible and retractable in X.
Next, using Theorem, (3), we shall extend Satz 1 of H. Kerner [8] : let Xk be a connected complex manifold, Ak a contractible and retractable analytic set in Xk and Rk a proper equivalence relation on Ak such that Ak/Rk is an analytic space and dimfl Rk(a) > 0 for any a E Ak (k = 1, 2). Then, we have the following diagrams of analytic spaces:
2. Trivial extension of equivalence relations. Let L be the category of local ringed spaces [6] : objects in L are local ringed spaces and morphisms in L are morphisms of local ringed spaces. Let (X, x0)oe a (reduced) analytic space and R an equivalence relation on X. Then there exists the local ringed quotient space (X/R, X0/R) and the natural projection p: X -* X/R is a morphism of local ringed spaces, where X/R is the quotient topological space of X by R and X0/R, the structure sheaf on X/R, is defined as follows: for any open set U C X/R, (X0/R) (U):= { /: U-> C, /opGr(p-'(£/),.0)}. Definition 2. An equivalence relation R on JT is called proper if for. any compact set K C X, the R-saturated set R(K) (i.e. the union of all equivalence classes meeting A") is also compact.
This condition is equivalent that X/R is locally compact and the natural projection p: X -► X/R is proper. Definition 3. Let A be a subset of X and R an equivalence relation on A. The trivial extension R of R to X, an equivalence relation on X, is defined Let (A, A 0) be an analytic set in (X, x0) and R a proper equivalence relation on A such that A/R is an analytic space. Using the results by B. Kaup [6] and the method of H. Kerner [8] , we shall show the sufficient conditions under which X/R is an analytic space. Theorem 1. X/R is an analytic space, if one of the following statements is satisfied:
(1) R is finite (i.e. every equivalence class of A by R is a finite set). (2) A is contractible in X and the canonical mapping j: A/R -+X/R is quasi-finite. Remark 1. We can easily find the examples such that X/R is not an analytic space, in the case that R is not finite in (1), or A is not contractible in (2), (3) respectively. Corollary 1. Let (X, x 0), (A, . 0) and R be as in Theorem 1,(1) or (3). Then A/R is embedded in X/R. In particular, in the case of (3), A/R is contractible and retractable in X/R.
Proof. The canonical mapping/: A/R -*j(A/R) is a holomorphic homeomorphism since / is proper. We assert that for any "aE A/R, /*: (xO/R)¡(¡ ) -*" (A 0/R)~ is surjective.
(1) For any / G (A 0/R)" (aE A/R), we have p* (/) G AOa(aEp~l (a)). Then there exists g E x0a with i*(g) = p*(f). Since p is finite proper, we have G E (x 0/R )/(~} with P*(G) = g. Then it follows that /* (G) = f. Definition 7. We say that a reduced analytic space X is maximal if, for any open set V C X and a nowhere dense analytic set S C V, every continuous function on V which is holomorphic on V -S is actually holomorphic on V.
Remark 2. If an analytic space (X, x0) is maximal, xO is the maximal reduced complex structure on X.
Let X, A and R be as in Theorem 1 (1) or (2) Now, using Theorem 1, (3), we shall extend Satz 1 of H. Kerner [8] . Let Xk be a connected complex manifold and Ak a contractible and retractable analytic set in Xk. Let Rk be an equivalence relation on Ak such that Ak/Rk is an analytic space and dima Rk(a) > 0 for any a E Ak (k = 1, 2). If Rk is proper, Xk/Rk is an analytic space and the natural projection pk: Xk -■*■ Xk/Rk is proper holomorphic. Letr^.Yfc-*Ak be the holomorphic retraction. Then we use the following result.
Lemma 2 (H. Holmann [5] ). Let X be a complex manifold and A an analytic set in X. Suppose that r: X -* A is a holomorphic retraction. Then A is a closed complex submanifold of X and, for any a EA, there exists an open neighborhood U C X such that the restriction r\U is a holomorphic projection r"» Then we can show that 0" : £/| -* U2 is continuous. To show this, it suffices to say that ii" is continuous at any a EAX, and hence, for any sequence {aw} C Ux -Ax which converges to a,{\¡/"(an)} converges and limn_>00 ^"(an) { ty~(an)} ={p2~l(^ o px(an))} CU2-A2 has cluster points in U2 since p2 is proper, and they must be contained in ^42. Further, the cluster points are unique and coincide with #~(fl). In fact, if a is a cluster point of { #~(an)}, To complete the proof of the theorem, it suffices to show that \¡/~ is bijective and its inverse is holomorphic. By (*), we also have the holomorphic mapping ($~xy :U2-+U¡ such that ifr1 o p2 = px o O-1)* on U2. Then it follows that
